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Nonlinear force balance at moving contact lines
Matthieu Roché,1 Laurent Limat,1 and Julien Dervaux1, ∗
1Laboratoire Matière et Systèmes Complexes, Université Paris Diderot, CNRS UMR 7057,
Sorbonne Paris Cité, 10 Rue A. Domon et L. Duquet, F-75013 Paris, France
The spreading of a liquid over a solid material is a key process in a wide range of applications. While this
phenomenon is well understood when the solid is undeformable, its ”soft” counterpart is still ill-understood and
no consensus has been reached with regards to the physical mechanisms ruling the spreading of liquid drops over
soft deformable materials. In this work we show that the motion of a triple line on a soft elastomer is opposed
both by nonlinear localized capillary and visco-elastic forces. We give an explicit analytic formula relating the
dynamic contact angle of a moving drop with its velocity for arbitrary rheology. We then specialize this formula
to the experimentally relevant case of elastomers with Chasset-Thirion (power-law) type of rheologies. The
theoretical prediction are in very good agreement with experimental data, without any adjustable parameters.
Finally, we show that the nonlinear force balance presented in this work can also be used to recover the classical
de Gennes model of wetting.
The spreading of a liquid on a solid surface is a physical
process, called wetting, occurring in a myriad of practical and
natural situations. It is therefore not surprising that the physics
of wetting has become a cornerstone of technologies as di-
verse as nanoprinting [1], microfluidic [2], microfabrication
[3], water drainage [4], dew and oil recovery [5], paint, ad-
hesive and coating industries [6–8], among others. It is also
involved in a broad range of natural phenomena such as the
self-cleaning property of lotus leaves [9] or the spreading of
mucus over epithelial surfaces [10]. Interesting analogies have
also been drawn between wetting and some morphology tran-
sitions in cellular aggregates [11].
In the century following the pioneering work of Young and
Dupré, the physics of wetting has been mainly concerned with
the problem of liquid drops sitting or moving on ”hard solids”
[12, 13]. Such materials are deformed only on atomic scales
by capillary forces at the contact line where the liquid, the
solid and the atmosphere meet. As a result, these deformations
have been duly set-aside in the classical theory of wetting and
the shape of small sessile droplets is ruled solely by a compe-
tition between the projections of the interfacial forces onto the
solid surface, a result known as the Young-Dupré equation.
Bikerman was apparently the first to realize, as early as
1957, that soft materials, which are significantly deformed by
capillary forces at contact lines, were challenging the classi-
cal theory of wetting [14]. However, further progresses had to
wait for technological advances in microscopy and physico-
chemistry. In particular, the development of soft materials,
such as gels and elastomers with controlled, highly tunable
mechanical and surface properties, have allowed the detailed
observation and characterization of a localized (typically mi-
crometric) deformation in the solid, called a ridge, at the con-
tact line between sessile drops and soft materials [15–17], il-
lustrated in Fig. 1. Following these observations, many stud-
ies have investigated how this ridge, which may even persist
following the removal of the drop [18], modifies the shape of
both the substrate and the sessile drop, with the aim of gen-
eralizing the classical theory of wetting to arbitrary materials
[19–24]. On the dynamics side, it was shown that liquid drops
move much more slowly over soft elastomeric layers than over
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FIG. 1. Schematic representation of the problem. A liquid drop
moves at constant velocity over a soft deformable substrate. At the
contact line, the solid is deformed by the vertical component of the
liquid surface tension ~γ`v and develops a characteristic ridge. The
motion of the contact line is opposed both by the visco-elastic force
~f s and by restoring capillary forces ~γsv and ~γs` associated with the
solid-vapour and solid-liquid interfaces.
rigid substrates [25]. This velocity reduction was shown to re-
sult from the dissipation of energy inside the elastomer, as a
consequence of its geometric and visco-elastic properties [26–
28]. Surprising new effects such as stick-slip motion [29],
spontaneous drop motion over substrate with a thickness gra-
dient [28, 30] or attraction/repulsion between moving drops
on soft substrates [31] have also been reported.
One of the key question in the field of elastowetting is thus
to understand the shape of this ridge and ultimately to predict
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the shape and contact angle of a liquid drop sitting or moving
over a soft substrate. A corollary of this fundamental question
is: if the Young-Dupré equation does not hold anymore, what
then is the relevant force balance equation at a contact line
on a soft material ? While the linear theory of elastowetting
has suggested that the Neumann relation (the balance of sur-
face tensions classically ruling the equilibrium of liquid drop
over liquid layers) was also able to describe the wetting of liq-
uid drop over soft elastic substrates, recent experiments have
shown that this hypothesis does not hold for moving drops
[32] and leads to contradictory conclusions in static elastowet-
ting [33–35].
In order to answer this question, we have thus recently gone
beyond the linear theory of elastowetting [35, 36] and shown
that the following nonlinear force balance (here generalized
to arbitrary surface tensions and including possible external
forces):
~γ`v +~γsv +~γs`+ ~f ext = ~f s (1)
was able to explain in details the shape of static elastocap-
illary ridges, for experimentally relevant value of the phys-
ical parameters. Here, ~γ`v, ~γsv and ~γs` are respectively the
liquid-vapour, solid-vapour and solid-liquid capillary forces
(per unit of length of the contact line). ~f ext represents addi-
tional external forces, other than surface tensions and visco-
elastic stresses, that might act on the contact line. The force
~f s appearing on the right hand side of (1) is the force (per unit
of length of the contact line) exerted by the deformed solid on
the triple line. It can be written as:
~f s = lim
ε→0
∫
Γε
σ ·~ν d` (2)
where Γε is a contour of radius ε enclosing the contact line
in the deformed configuration, σ is the true (Cauchy) stress
(to be defined below) and ~ν is the outward unit vector nor-
mal to the contour. This relation is nonlinear because both
σ and ~ν depends on the deformation of the substrate. The
force ~f s typically does not vanish because the elastocapillary
ridge is a singular structure, or defect in the language of Es-
helbian mechanics. More precisely, because of the slope (and
hence strain) discontinuity at the triple line, the ridge is akin
to the terminal line of a generalized disclination [37] whose
strength can take any value between -1/2 and 1/2 as there is
no underlying lattice structure, in contrast with disclinations
in crystals. In a manner similar to disclinations, a localized
force is thus exerted on the elastocapillary ridge whenever it
is subjected to a deformation field (either its own deformation
field or an additional external field, in which case this force is
akin to the Peach-Koehler force [35, 38]) or, as we shall see
in the present paper, when the ridge moves. Equation (1) en-
compasses both the Young-Dupré relation (for infinitely rigid
substrate and no external forces ~f ext = 0) as well as the Neu-
mann relation ruling the equilibrium of liquid drop over liquid
bath (in the limit of a substrate with vanishing shear and no ex-
ternal forces ~f ext = ~f s = 0). In the general case however, the
equilibrium angle of static droplets on soft substrates does not
obey either of these two laws but satisfies equation (1).
In this paper, we show that the generalized equation (1) can
in fact also be exploited to predict the selection of the dynamic
contact angle of inviscid drops moving at constant velocities at
the free surface of visco-elastic substrates. We show that both
nonlinear localized capillary forces and visco-elastic stresses
oppose the motion of the contact line. We give an explicit an-
alytic formula relating the dynamic contact angle of a moving
contact line with its velocity for arbitrary rheology. We then
specialize this formula to the experimentally relevant case of
elastomers with Chasset-Thirion (power-law) type of rheolo-
gies. The resulting theoretical prediction is in excellent agree-
ment with experimental data, without any adjustable param-
eters. Finally, we show that equation (1) can also be used to
recover the classical de Gennes model of dynamical wetting
(for a viscous drop moving over a hard substrate) by choosing
a contour Γε located inside a liquid wedge moving at constant
velocity.
THE CASE OF AN INVISCID DROP MOVING OVER A
SOFT VISCO-ELASTIC SUBSTRATE
Let us consider a single contact line moving with a velocity
V and a dynamic contact angle θdyn at the free surface of an
intitially flat, incompressible, linearly visco-elastic layer with
thickness H, as illustrated in Fig.2. The reference state of the
layer is described in cartesian coordinates by the region−∞ <
x < ∞ and −H < y < 0. The moving contact line deforms
the layer and induces a displacement~u = {ux(~x, t),uy(~x, t)} of
material points initially located at~x = {x,y}. The liquid has a
surface tension γ`≡ |~γ`v| and we assume for simplicity that the
solid has a constant uniform surface tension γs ≡ |~γsv|= |~γs`|.
We further assume that the stress σ(~x, t) and strain ε(~x, t) =
∂~u/∂~x tensors in the soft layer are related by the following
general constitutive equation, valid for arbitrary linear visco-
elastic materials:
σ(~x, t) =
∫ t
−∞
µ(t− t ′) ∂ε
∂ t ′
dt ′− p(~x, t)I (3)
where I is the identity matrix. The pressure p(~x, t) is the La-
grange multiplier associated with the incompressibility con-
straint. For stationary contact lines, the system is described
by the following equilibrium equations:
∇ ·~u = 0 and ∇ ·σ =~0 (4)
We now write the boundary conditions needed to close the
system. Motivated by several experimental setups, we assume
that the lower face of the visco-elastic layer is bonded to an
infinitely rigid substrate and thus at y =−H:
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FIG. 2. Notation of the problem. A liquid drop with liquid surface
tension γ` moves at constant velocity V over a visco-elastic layer with
initial thickness H and surface tension γs. The drop is located on the
left of the contact line and advances with a dynamic contact θdyn with
the horizontal. The surface deformation of the visco-elastic layer is
denoted by the function ζ (x, t). The slope of the interface has a jump
discontinuity at the contact line. The angles θ−= |∂ζ/∂x|x=Vt− | and
θ+ = |∂ζ/∂x|x=Vt+ | are the (positive) slopes of the solid surface on
each side of the triple line located at x =Vt.
ux(x,y =−H, t) = uy(x,y =−H, t) = 0 (5)
Everywhere at the free surface (y = 0), except at the con-
tact line located at x =Vt, the normal projection of the visco-
elastic stresses balances the Laplace pressure induces by the
curved interface of the solid interface and we have:
σ ·~n = γs~n · (∇~n) at y = 0 and x 6=Vt (6)
At the contact line (at y = 0 and x =Vt), we apply the gen-
eral force balance (1) specialized to the case of uniform solid
surface tension and no external forces (i.e ~f ext =~0). This con-
ditions reads, respectively along~ex and~ey:
−γ` cosθdyn = γs
{
cosθ−− cosθ+
}
+~ex · ~f s (7a)
γ` sinθdyn = γs
{
sinθ−+ sinθ+
}
+~ey · ~f s (7b)
where θ− = |∂uy/∂x(Vt−,0)| and θ+ = |∂uy/∂x(Vt+,0)| are
the (positive) slopes of the solid surface on each side of the
triple line located at x = Vt, as illustrated in Fig.2. The force
~f s exerted by the solid on the triple line is given by equation
(2).
We now turn to the resolution of the boundary-value prob-
lem (3-7). Within the framework of a linear theory, the slopes
of the deformed solid surface must be small compared to
unity for consistency. This condition will be verified when
γ`/2γs  1. Taking this quantity as a small parameter, we
may seek solutions of the boundary-value problem (3-7) in
the form:
{~u, p}=
∞
∑
i=1
{~ui, pi}
(
γ`
2γs
)i
(8)
In that case a double Fourier transform with respect to both
time and space yields the following first-order solution for the
surface deflection ζ (x, t)≡ (γ`/2γs)u1y(x,y = 0, t):
ζ (x, t) =
1
2π
∫
∞
−∞
dkeik(x−Vt)ζ̂ (k) (9)
with
ζ̂ (k) =
γ` sinθdyn
γs
[
k2 +F(k)
]−1
(10)
and
F(k) =
[
2H2k2 + cosh(2Hk)+1
sinh(2Hk)−2Hk
]
2kµ̂(−kV )
γs
(11)
where we have used the particular definition of µ̂(ω):
µ̂(ω) = iω
∫
∞
0
µ(t)e−iωtdt (12)
The solution (9-11) above satisfies the boundary-value
problem (3-7) at first order in γ`/2γs provided that cosθdyn =
O(γ`/2γs) or, equivalently, that θdyn = π/2+O(γ`/2γs). In
particular, let us underline that both components of the force
~f s vanish at first-order. The solution (9-11) however, does not
specifies the dynamic contact angle beyond the zeroth-order
approximation (θdyn = π/2), it only provides the deformed
profile of the interface in response to a vertical localized force
of magnitude γ` sinθdyn. The departure of the dynamic contact
angle θdyn from π/2 results from higher order contributions
that we now consider.
Under the condition that cosθdyn = O(γ`/2γs) and using
the solution (9-11), it can be verified that all the contributions
coming form this first-order solution in equation (7b) are in
fact at most of order (γ`/2γs)3 (after dividing equation (7b) by
γs). On the other hand, all the terms in equation (7a) coming
from the first-order solution are of order (γ`/2γs)2 (again after
dividing equation (7a) by γs). As a consequence, the solution
(9-11) will be a solution of (3-7) up to second-order (i.e the
next non-zero correction in (8) will be the third order term
{~u3, p3} only if equation (7a) holds at second order.
Using the solution (9-11), the restoring capillary forces (the
first term in the right-hand side of (7a)) can be rewritten in the
small slope limit as:
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γs
{
cosθ−− cosθ+
}
=
γs
2
{(θ+)2− (θ−)2}
=
γ` sinθdyn
2
(
θ
+−θ−
)
=
γ` sinθdyn
2π
R
[∫
∞
−∞
−ikζ̂ (k)dk
]
(13)
where the symbol R stands for the real part. Note that
(θ+−θ−)/2 physically represents the rotation of the elas-
tocapillary ridge. The horizontal restoring visco-elastic force
acting at the tip of the ridge (the second term in the right-
hand side of (7a)) is found by injecting the solution (9-11)
into equation (2). Its first non-zero contribution can be trans-
formed into the following integral:
~ex · ~f s =
∫
∞
−∞
σ
1
xx
∂ζ
∂x
dx (14)
where σ1xx is the first-order stress field associated with the first-
order solution {~u1, p1}. Using Parseval’s theorem, we can
rewrite equation (14) in the frame of the moving ridge as:
~ex · ~f s =
1
2π
R
[∫
∞
−∞
ik2µ̂(kV )ζ̂ (k)ζ̂ (−k)dk
]
(15)
Note that expressions (13) as well as (15), after a division
by γs, are both of the same order O(γ`/2γs)2. This shows
that the Neumann construction does not hold in dynamic elas-
towetting and that the capillary driving force (i.e the left-hand
side of (7a)) is resisted not only by the restoring capillary force
(13) but also by the visco-elastic force (15). Rearranging the
terms in (7a)), we obtain the following nonlinear force balance
at the contact line:
cosθdyn
sin2 θdyn
=
γ`
2πγs
R
[∫
∞
−∞
i(k2 +F(−k)− kµ̂(kV )/γs)
(k2 +F(−k))(k2 +F(k))
]
(16)
Equation (16) gives the relation between the dynamic con-
tact angle and the velocity of a contact line moving on a sub-
strate of arbitrary rheology and thickness. We now compare
Eq. (16) to experimental data and more specifically to the
motion of contact line on elastomeric substrates behaving ac-
cording to the Chasset-Thirion model for which the complex
frequency-dependent visco-elastic modulus µ(ω) is:
µ(ω) = µ0(1+(iωτ)m) (17)
In the case where the velocity of the contact line is small
enough (i.e for V τ/`s 1), the dynamic force balance takes
the simple form:
−
cosθdyn
sin2 θdyn
=
γ`
γs
(
V τ
`s
)m
I
(
H
`s
)
(18)
where `s = γs/(2µ0) is the elastocapillary length while the di-
mensionless function I captures the dependence of the scal-
ing on the reduced thickness Λ = H/`s of the problem. It can
be written as the sum of the capillary and the visco-elastic
contributions:
I (Λ) = Icap(Λ)+Ive(Λ) (19)
where
Icap(Λ) =
∫
∞
0
kmG(kΛ)sin(mπ/2)
π(k+G(kΛ))2
dk (20)
and
Ive(Λ) =
∫
∞
0
km sin(mπ/2)
π(k+G(kΛ))2
dk (21)
with
G(z) =
[
2z2 + cosh(2z)+1
sinh(2z)−2z
]
(22)
In the limit of an infinitely thick substrate (Λ→∞) these in-
tegrals converge to the same limit m/(2cos(mπ/2)), yielding
the result:
I∞ ≡ lim
Λ→∞
I (Λ) = 2 lim
Λ→∞
Icap(Λ) =
m
cos(mπ/2)
(23)
On an infinitely thick substrate, the restoring capillary
forces and the visco-elastic force thus contribute equally to
the horizontal force balance at the moving ridge. On the other
hand, those two contributions differ for finite values of the as-
pect ratio Λ, as shown in Fig.3-A. In particular, the restoring
visco-elastic force follows the scaling ∼ Λ3(1−m)/4 at small
thickness, in agreement with a previous analysis [28]. Before
proceeding to a comparison of the model with experiments,
it should be noted that available experimental data on the dy-
namics of contact lines on soft solids are not performed with
liquids in neutral wetting situation (i.e with θeq = π/2). In
order to compare the model with experimental data, we shall
therefore make the assumption that Eq.(18) still holds in the
vicinity of an arbitrary equilibrium contact angle. Under this
assumption, we have:
cosθeq− cosθdyn
sin2 θdyn
=
γ`
γs
(
V τ
`s
)m
I
(
H
`s
)
(24)
where γs must be understood as the average value between γsv
and γs` and `s = γs/(2µ0). Note that while the present analysis
has been performed for an advancing contact line, it also holds
for a receding contact line, simply by changing the sign of the
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FIG. 3. Results of the theoretical model and comparison with experimental data. A: Plot of the dimensionless functions Icap(Λ) and Ive(Λ),
defined respectively by Eq.(20) and Eq.(21), that capture the dependance of the dynamic contact angle θdyn on the aspect ratio Λ = H/`s of
the problem. Both functions converge to m/(2cos(mπ/2)) in the limit Λ→ ∞. B and C: Comparison of experimental data (magenta circles)
with Eq.(24) (blue shaded area) at a fixed thickness of 600µm (B) and fixed velocity 0.1mm/s (C). The data are taken from [28] and the values
of the physical parameters are γ` = 72±2 mN/m, γs = 42±2 mN/m, µ0 = 1085±124, τ = 15.4±0.4 ms and m= 0.66±0.04. The width of
the theoretical predictions in B and C reflects the uncertainties in the values of the physical parameters.
left hand sign in Eq.(24). This theoretical prediction is com-
pared to experimental data taken from [28] in Fig.3-B and C,
using the values of the physical parameters given in [28]. De-
spite the many approximations of our model, and in particular
the fact that the parameter γ`/(2γs)∼ 0.9 is not much smaller
than unity, the agreement between theory and experiments is
excellent, without any adjustable parameters.
THE CASE OF A VISCOUS DROP MOVING OVER A RIGID
SUBSTRATE
We now consider the case of a viscous drop moving on a
rigid, purely elastic, substrate. In that case, equation (7) can
again be used to find the force balance at the contact line. In
the limit of an infinitely rigid substrate, the angles θ− and θ+
vanish and the vertical capillary traction is balanced solely by
the elastic stresses [24]. In the horizontal direction we are thus
left with the relation (7a):
− γ`v cosθdyn +~ex · ~f ext = γsv− γs`+~ex · ~f s (25)
but now the localized force ~f s must be evaluated by using a
contour inside the viscous fluid. As shown by Moffat [39], in
the vicinity of a liquid wedge defined by a free surface moving
at velocity V with respect to a solid surface, the fluid flow is
self-similar in polar coordinates (r,θ) and can be derived from
the stream function ψ =V r f (θ). More precisely, we have for
the velocity component (vr,vθ ) of the fluid flow:
vr =
1
r
∂ψ
∂θ
=V f ′(θ), vθ =−
∂ψ
∂ r
=−V f (θ) (26)
where f (θ) is:
f (θ) =
θ cosθ sinθdyn−θdyn cosθdyn sinθ
sinθdyn cosθdyn−θdyn
(27)
while the pressure field p(r,θ) is given by:
p(r,θ) =
η
r
4V cosθ sinθdyn
sin(2θdyn)−2θdyn
(28)
where η is the dynamic viscosity. Here the free surface
is located at θ = 0 while the solid substrate is located at
θ = −θdyn. Note that this solution requires the presence of a
normal surface pressure 4V µ sinθdyn/(r(sin(2θdyn)−2θdyn))
at the free surface in order to keep the interface flat. Using the
solution above for the velocity and pressure fields, one can
easily calculate the horizontal projection of the viscous force
as
~ex · ~f s =−4V η
sin2 θdyn
sin(2θdyn)−2θdyn
(29)
A striking feature of this result is that, although the pressure
and stress fields diverge at the corner with an essential singu-
larity in∼ r−1, the resulting viscous force at the corner is finite
(and in fact independent of the choice of contour). In addition
to the viscous force, there is also a contribution at the tip of
the moving wedge coming from the (divergent) surface pres-
sure 4V µ sinθdyn/(r(sin(2θdyn)− 2θdyn)) at the free surface
needed to keep the interface flat. The usual approximation in
dynamical wetting consists in integrating this contribution be-
tween a microscopic scale xmin and a macroscopic scale xmax
in order to obtain the force ~f ext , and thus:
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~ex · ~f ext = 4V η
sin2 θdyn
sin(2θdyn)−2θdyn
log
(
xmax
xmin
)
(30)
Once summed with the viscous force at the tip, we obtain
the following force balance at the tip of the moving wedge:
cosθdyn−cosθeq = 4Ca
sin2 θdyn
sin(2θdyn)−2θdyn
[
1+ log
(
xmax
xmin
)]
(31)
where Ca = ηV/γ` is the capillary number. Interestingly, it
should be noted that in the small angle limit (θeq,θdyn),
we recover the classical de Gennes model of wetting:
θdyn
(
θ
2
dyn−θ 2eq
)
= 6Ca
[
1+ log
(
xmax
xmin
)]
(32)
Note that this scaling is a consequence of the flat interface
approximation used in this section, which requires an external
force. In a more general context, the divergent viscous stress
induces a bending of the interface and leads to the Cox-Voinov
relation.
CONCLUSION
We have shown in this paper that the generalized force bal-
ance (1) was able to describe accurately, and without any ad-
justable parameters, the dependance of the dynamic contact
angle on both the velocity of a contact line as well as the ma-
terial and geometric properties of the soft substrate. We have
demonstrated that the motion of the triple line is opposed by
both visco-elastic and capillary forces, the two contributions
being equal in the limit of an infinitely thick substrate. This
observation explains why, in a model based purely on capil-
larity, such as the Neuman force balance, it was found nec-
essary to redefine the surface tension (roughly by dividing it
by ∼ 2) in order to fit the experimental data [27]. Although
this was attributed to a finite slope effect, the model presented
here shows that this is simply a consequence of the substrate
visco-elasticity. In addition, we have also shown that the same
equation allows to recover the classical de Gennes model for
the spreading of a viscous drop on a rigid substrate. Therefore,
although the experimental data were limited to slowly moving
drops, for which the dissipation mostly occurs in the visco-
elastic substrate, we expect the framework presented here to
be able to describe much more general situations, for which
the dissipation occur simultaneously in both the solid and the
liquid phases. In addition, the generalized force balance (1)
can also be applied to the yet largely unexplored case of the
spreading of a viscous drop over a viscous liquid bath.
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K. Dalnoki-Veress, Nat. Commun. 9, 982 (2018).
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